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Abstract 

We define the open string version of the nonlinear signia model on doubled geometry intro- 
duced by Hull and Reid-Edwards, and derive its boundary conditions. These conditions include 
the restriction of D-branes to maximally isotropic submanifolds as well as a compatibility condi- 
tion with the Lie algebra structure on the doubled space. We demonstrate a systematic method 
to derive and classify D-branes from the boundary conditions, in terms of embeddings both in 
the doubled geometry and in the physical target space. We apply it to the doubled three-torus 
with constant i/-flux and find DO-, D1-, and D2-branes, which we verify transform consistently 
under T-dualities mapping the system to /-, Q- and _R-flux backgrounds. 
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1 Introduction 

It was shown in [U [5] that an invariance of a string background generated by an abelian isometry 
of the metric can be used to construct a T-dual background - an alternative description of the 
same physics. If the isometry is globally defined the T-dual background is a conventional geometry, 
perhaps with non-trivial curvature, B-field or ff-flux [3]. If the isometry is not globally defined, 
there is evidence that T-duality can still be performed, but that it gives rise to a non-geometric 
background [H |5]. For example, acting with T-duality once on a flat three-torus with constant 
i?-flux yields a nilmanifold - a two-torus fibration over a circle with monodromy in 5L(2;Z), the 
mapping class group of the fibres. A second duality, which must be performed fibrewise, produces 
a space which is locally geometric but globally non-geometric [1]. That is, its group of transition 
functions between charts is generalised with respect to geometric manifolds, to include T-duality 
transformations. This space is an example of a T-fold [3 [H [7], a class of non-geometric spaces 
that locally can be described as torus fibrations, with transition functions in the T-duality group 
0(d, (i;Z). It has been speculated that analogous spaces, with transition functions which include 
U-dualities, called U-folds [8l[9l[10], would provide good M-theory backgrounds. Since the Hilbert 
space of the quantum conformal field theory arising from a two-dimensional nonlinear sigma model 
on the worldsheet of the string is invariant under T-duality, even though the local target space 
geometry might change, T-folds make consistent perturbative string backgrounds. 

Hull [9] introduced a geometric description for T-folds by means of doubled formalism, where the 
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torus fibres are doubled to include in the picture the torus defined by the dual coordinates. The fibre 
degrees of freedom are then doubled, and Hull defined a "doubled" nonlinear sigma model with this 
new extended geometry as its target space, the worldsheet fields corresponding to coordinates on 
both the original and dual tori. The 0{d,d;'Z) T-duality transformation is then realised geometri- 
cally in this formalism as a large diffeomorphism of the doubled fibres since 0{d, d; Z) C GL{2d; Z). 
By imposing a certain self-duality constraint the number of fibre coordinates may be halved, to 
recover the standard sigma model on a physical target space. 

A generalisation of the doubled formalism to a description where all the coordinates, including 
the base, of a given space are doubled was introduced in [TT], and specific examples were explored 
in [12] . These papers outlined a target space description of the doubled geometry which generalised 
previous constructions to backgrounds which are not torus fibrations. These more general doubled 
spaces are locally group manifolds. The sigma model in the doubled torus construction [9j was 
further generalised in [T3j. This sigma model allows for a description of the doubled spaces consid- 
ered in [11^ [T2] from the worldsheet perspective. We shall not be concerned with the details of this 
sigma model here and will only introduce those aspects relevant to a study of open string boundary 
conditions on the doubled space. A thorough study of this model, including the techniques which 
allow a conventional description of the background to be recovered (where this is possible), was 
presented in [13] . 

In certain circumstances one may describe doubled geometry as generalised geometry |14l 115] . 
In such a description the vectors of the doubled space tangent bundle (or forms of the doubled space 
cotangent bundle) are rewritten in terms of vectors and forms on the generalised tangent bundle 
T © T* . For the particular backgrounds considered in section U] this was done ii|l] [12] . There are 
currently only limited examples of (highly symmetric) backgrounds for which a doubled construction 
is known (see, e.g., [IS])- However, it is anticipated that all backgrounds admitting a description 
in terms of generalised geometry should also have a description in terms of an appropriate doubled 
formalism; see, e.g., [T9l [20]. 

Already in ref. [9] the necessary conditions were established for consistent D-brane embeddings 
in the doubled torus formalism. This was elaborated on by Lawrence et al |21) . who demonstrated 
by explicit examples what additional considerations are necessary to realise and interpret consistent 
D-branes in the doubled formalism for the flat three-torus with NS-NS three- form flux ( "i/-flux" ) . 
Here we promote their analysis to the more general doubled group framework, where all the coordi- 
nates are doubled, using the doubled sigma model in ref. [13] with boundaries introduced to derive 
and classify the allowed D-brane configurations in a systematic way. A three-dimensional torus 
with constant ff-flux can be described by a six-dimensional doubled geometry, the local structure 
of which is given by a six-dimensional Lie algebra. The structure constants of this algebra are 
locally determined by the ff-flux. Different, possibly T-dual, descriptions of this background are 

^Another example is the Drinfel'd double, an object defined [16] as the bialgebra of a Poisson-Lie group G. This 
bialgebra acts on the generalised tangent bundle TG ® T*G, and it was shown by Lu and Weinstein [TTj that the 
Drinfel'd double structure may be encoded in terms of a doubled group geometry. 
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characterised by the structure constants, which are often referred to as "fluxes" [22]. In more 
reahstic compactifications these structures would be related to the four-dimensional low-energy 
effective theory [SJ [231 [SI], but the space considered here is just a toy model for the purpose of 
demonstrating the doubled geometry formalism. 

Performing T-duality on the doubled torus with H-Qux yields an "/-flux" structure constant on 
the doubled space, which, as expected, characterises a nilmanifold when restricted to the physical 
degrees of freedom. Further T-dualities, along other directions on the doubled space, yield the "Q- 
flux" structure constant corresponding to a T-fold in the physical model, and so-called "i?-flux", 
which hints at a locally non-geometric background [22] . Each of these structure constants represent 
local values of the Wess-Zumino term in the doubled sigma model |13j . To be well-defined on the 
doubled space the D-branes must be consistent under all T-dualities, as well as satisfy the sigma 
model boundary conditions on each local patch. 

The structure of the paper is as follows. In section [2] we review the closed string nonlinear 
sigma model on the doubled geometry introduced in ref. [13] . In section [3] we extend their model 
to an open string version with boundaries. We derive the equations of motion both in the bulk 
and on the boundary, in the process introducing Neumann and Dirichlet projectors to define D- 
branes. In section [3| we solve the resulting boundary conditions, together with a geometrically 
motivated orthogonality condition as well as integrability, for the fiat three-torus with constant 
NS-NS three-form fiux embedded in doubled geometry, and find the most generic form of Dirichlet 
projector allowed. We focus on solutions based on a slightly simplifying assumption, which we 
classify, interpret in physical terms, and check for global consistency, including compatibility with 
T-duality transformations. We find four consistent solutions, in H-Hux corresponding to DO-branes 
(the same that was found in ref. [21]), Dl-branes, and two kinds of D2-brane foliations. Finally, 
section \5\ contains a summary and discussion. 



2 Doubled sigma model without boundaries 

We will be interested in the generalisation of the nonlinear sigma model for a closed string worldsheet 
E embedded in a 2(i-dimensional doubled twisted torus X [13], to a worldsheet with boundaries. 
The target space is constructed as 

X = r\w , 

where is a possibly non-compact 2(i-dimensional Lie group and F is a discrete subgroup of ^ 
chosen such that X is compact (F is "co-compact" ) . We choose F to act on ^ from the left so that 
the left-invariant one-forms V = Q^^dQ (for elements Q G ^^), which are globally defined on ^, are 
globally defined also orI§ X. The local structure of X is given by the Lie algebra of ^ , 

[^Af, Tjv] = tMN^Tp , 

^Right-invariant objects such as the one-forms dQQ^^ , ahhough they are globally defined on , are not in general 
globally defined on X = r\'^. 
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where Tm are the Lie algebra generators and Imn^ the structure constants. The sigma model 
describing the physics of closed string worldsheets embedded in X , as introduced in ref. [13], reads 



S=\j^ MmnV' a + ^ ^ tMNpV' A A , (2.1) 

where V is an extension of the worldsheet such thal[f| dV = S. The left-invariant one- forms 

are the coordinates on X, satisfy the Maurer-Cartan equations, 

dV^^ + ^tNP^^V^ AV^ = 0, (2.2) 

and the metric Mmn, which is independent of X^ , takes values in the coset 0{d) x 0{d)\0{d, d). 
We require the Lie algebra on ^ to allow an 0{d, d)-invariant constant symmetric bilinear form 
Lmn with signature (d, d). We work in a basis in which it has the form (I denotes the dxd identity 
matrix) 

= ( I ) ■ 

Using this metric the structure constants of the Lie algebra on 5f may be expressed on the totally 
antisymmetric form tuNP = ^MqiNP^ ■ 



2.1 Recovering the physical model 

To recover the ordinary nonlinear sigma model on a physical target space we need to eliminate half 
of the degrees of freedom. This is done by imposing the self-duality constraint [HI |13] 

V'' = L^'^'Mnp * V , (2.4) 

where the star denotes Hodge duality on the worldsheet. One also needs to define a projection from 
the doubled space to a "physical" subspace; this choice of projection is referred to as a polarisation 



2.1.1 Polarisation of the Lie algebra 

In ref. [13] the Lie algebra of ^ was given a polarisation by introducing a polarisation projector 
n and its complement 11, the latter projecting onto the complement of the image of IT in T*'^ . 
The choice of polarisation encodes a choice of subgroup GL((i, M) C 0{d,d) under which the 
fundamental representation of 0{d,d) splits into the fundamental representation of GL{d,M.) and 
its dual representation [25]. The ranks of 11 and 11 are thus equal. Then the Lie algebra generators 
in this polarisation may be written as 

\rm, TT"^ rMNrp ry fj J M N rp 

A =11 M-t^ JAf, ^m = ^^mM^ N ■ 

^The Wess-Zumino term should really be written as ^ Imnp^'^' A qs'^ A where G T^^ ® T*1/ depends 
on the coordinates {T,a,v) on V such that (r, cr, i;)|e ~ V'^'{T,a). By a slight abuse of notation we shall refer to 
the pull-backs to both E and V of one-forms in T*^ as V. 
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Here it will be useful to define the 2d x 2d matrix projectors 

which satisfy the standard projection conditions 

11 P = if P , 11 Mil p = 11 p , 11 m11 p = 0, 11 m + 11 m = om- 

Then the left-invariant generators in a given polarisation may be represented as 

n^^L^^Tp =(^^^y U^^nL^^Tp =(^^ y (2.5) 

One can show that the self-duality constraint (j2.4p is well-defined only if 11 is null with respect 
to L, L n = 0. That is, the Il-projection defines a maximally isotropic subalgebra of the Lie 
algebra on ^. We also require that 11 defines a subgroup, i.e., the X"^ close to form a subalgebra. 

2.1.2 Polarisation of the coordinates 

In a given open simply connected patch of X we can define an analogous polarisation of the 
coordinates, 

x' = U'jX^ , Xi = UiiX^ . 

The polarisation of the coordinates is not globally defined [IH 113] and it is not always possible to 
choose a set of physical coordinates globally. It is useful to define the projectors 

and we may represent the coordinates and Xi by the following quantities. 

If we choose the simple background Mmn = ^mn then in the coordinate frame the polarised 
doubled metric takes the form 

= ( - y^^^ B^^S'^ \ , (2.6) 

for a symmetric field gij and an antisymmetric field Bij. The vielbeins i are maps V : 0{d, d) — > 
0{d) X 0{d) and can therefore be brought to lower block-triangular form by an 0{d) x 0{d) 
transformation [12], so that 
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with e^i the vielbein relating the metric g to the flat metricp gij = ei^dmnC^ j- Note that if the 
vielbeins V^^ i are elements of 0{d,d), then they preserve Lmn so that also Ljj = Lmn'P^^ I'P'^ j 
has the form ()2.3p . In this case the polarisation projectors in the coordinate frame are related to 
the ones in the Lie algebra frame by 

If one chooses a different polarisation 11', 11', the doubled metric will be unchanged, while the 
constituent fields g, B transform in a non-trivial way. This change of background may also be viewed 
as the effect of T-duality, in physical space reducing to Buscher's rules [BIS]- There is thus a direct 
correspondence between changing the polarisation and performing a T-duality transformation [9], 
as we will see more explicitly in sections 13.31 and HI 



3 Including boundaries 



To describe the embedding of an open string in the doubled space we need to generalise the sigma 
model ()2.ip to include worldsheets with boundaries, dTi ^ 0. Note that now we cannot have 
S = dV . Instead, for the extension of the worldsheet to a three-dimensional space V to be well- 
defined, we require 

ay = S + L> , 

where D is a region on the worldvolume of the D-brane bounded by the worldsheet boundary 
such that dTi = —dD. However, the restriction of the Wess-Zumino term to D will yield an extra 
term, which must be compensated for by adding a term to the closed string action, so that the full 
Wess-Zumino part of the sigma model with boundaries reads [27] 



Swz = 




where 

T ^ ^tMNpV'' A A , 
and w is a two-form defined only on the D-brane, satisfying (l denotes interior product) 

lT\£) = iduj . (3.1) 

As we will see below, u) contributes only to the boundary equations of motion. Therefore the 
self-duality constraint (j2.4p is not affected by the extra Wess-Zumino term. 

''Notice that the vielbein may be written 




i.e., as the product of GL{d) and _B-shift transformations 26 . This makes expUcit the fact that the vielbein is an 
element of 0{d, d). 
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For a general configuration of n D-branes, the Wess-Zumino term is generalised to 

„ n . n 

Swz = 1^ - ' '''^1 A = ''(^^i ' 5y = S + V] A • 

3.1 Equations of motion 

The total sigma model action now reads 

S=\[ MmnV' a + / tMNpV'' A A - i / u;mnV'' a , (3.2) 

and we next derive its equations of motion, in the bulk and on the boundary. Under infinitesimal 
variations in X^, the one- forms V^^ transform as 

To derive the equations of motion we first vary the kinetic term, 

-\ I {Mmn d*V^ + MPN iMQ^'r^ A V'^'idX' , (3.3) 



where we have used the Bianchi identity ()2.2p . The first term in eq. p.3p is a total derivative, 
giving the boundary term 

SSai, = ]^jj{MMNSX'V^'i*V'') = -]^jdT[v'''i5X'MMNV''jd,X^]Q^. (3.4) 

Next we vary the Wess-Zumino term in the action ()3.2p . obtaining 

5SwZ= I Ce{T)- I Ce{u^)= I d{ieT)- [ d {ieio) - / ie (dio) , 

Jv JD Jv Jd Jd 

where = di^ + L^d is the Lie derivative along the vector field e = 6X^dj, and we have used 
dT = 0, which follows from the Jacobi identity t^jijj^f^tpjQ^ = 0. Inserting dV = + D as well as 
the definition (13.11) of uj, the variation can be rewritten as 



SSwZ = / I'e'^ - / d(iew) 
Js Jd 

which, because dT, = —dD, becomes 

SSwZ = / t-eT + / LsU 



as 



= I [ SX^ tMNpV'^iV^ AV^+ [ SX^uijdX-^ . (3.5) 

^ Jt, JdT, 

From eqs. ()3.3p . (|3.4p and (|3.5p the equations of motion are found to be, in the bulk, 

d * MmnV" + MNptMQ'^V'^ A - ]^tMNpV'' A = , (3.6) 



and on the boundary, 



0. 



(3.7) 



as 



As expected, the bulk equation of motion (j3.6p agrees with that of the closed string in ref. [13], as 
it is of course not affected by the existence of a boundary. In particular, the extra w-term appears 
only in the boundary equation of motion. 



3.2 Boundary conditions 

The analysis of the boundary condition (|3.7p is essentially identical to that performed by Hull 
[5] and Lawrence et al [21] for the doubled torus construction, leading to analogous results. We 
introduce projectors that define D-branes in the doubled space, namely, 

(f>^ = H^jX"' Normal vectors: Dirichlet 

= H^jX"' Tangential vectors: Neumann 

where H and H are Dirichlet and Neumann projectors, respectively, satisfying 

I + J — J , r. 7 — U , =l I = ^ I , ^ I — ^ I ■ 

The projectors H and H are defined only on the brane and so all expressions involving them are 
assumed to be evaluated on the boundary dT,. The projectors have counterparts on the Lie algebra 
of ?f , or more conveniently on the cotangent bundle, 

where is the D-brane worldvolume. These Lie algebra projectors satisfy the corresponding 
projector conditions, 

^N+=^N = ON, =^ N = 0, ^ P^ N = =^ N , ^ P^ N = ^ N ■ 

We also require the Neumann projector to be integrable, so that it locally defines the brane as a 
smooth submanifold of the target space, 

E'' jE^' jd^rE'' j,^ = . (3.8) 

The projectors are moreover required to be orthogonal with respect to the doubled metric Mij, 

= E'kMijE\ = E' kV^' iMmnV" jE:\ . (3.9) 

We are now fully equipped to derive the final form of the boundary conditions for the doubled 
sigma model. The boundary equation of motion ()3.7p may be written as 

1 



= 0. (3.10) 

as 
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It has solutions 

SX'^E^K = E^AiV^^idrX^ = Dirichlet condition (3.11a) 
E\ (^-^V'^' iMmnV^ jda^-^ + uJijdrX-^^ = Neumann condition (3.11b) 

Note that the Dirichlet condition can be written as 

The Dirichlet and Neumann conditions need to be consistent with the self-duality constraint ()2.4p . 
The latter implies (with worldsheet metric ry = diag(l, —1) and antisymmetric symbol eoi = 1) 

V^^idrX^ = -L^^^MNpV^jdaX-^ , (3.12a) 
V^^id^X^ = -L^'^^ MnpV^ jdrX-^ . (3.12b) 

Using (|3.12bp and (|3.11ap in (|3.10p . as well as Lmn = MmpL^^Mqn, one finds 

Qi/J + ^/j) E\drXJ^ = . 

Since L/j is symmetric and w/j antisymmetric the pull-back of the two terms in parentheses to the 
brane must vanish separately, 

rJKLijE\ = Q, (3.13) 

E^kujijE\ = Q. (3.14) 

Condition p.l3p implies that any vectors tangent to the D-brane are null with respect to L/j, so 
the D-brane is a tangentially null space with respect to i/j, hence the D-brane is an isotropic 
subspace of X. The condition (j3.14p says that lo restricts to zero on the brane, and since in fact u) 
is defined only on the brane, we see that u; = 0. Given the definition (j3.ip it follows immediately 
that i.T|£) = 0, so 

= 0, 

and because H is integrable, cf. eq. (|3.8p . it follows that the Wess-Zumino term restricted to the 
brane vanishes, T|/) = 0, i.e., 

[/H'^ jE^ X] tl'j'K' = , tj'jtK' = tMNpV^ I'V^ jiV^ K' ■ (3.15) 

Note that since u; = is a non-dynamical condition, one could set a; to zero already in the action 
(3.2), at the expense of having to impose the condition lT\£) = by hand. 

One finds another condition by substituting the self-duality constraint ()3.12ap into the Dirichlet 
condition (|3.11ap . namely 

or 

e!" iL^'^V'' lMmpV" jd^X^ = e!" iL'^^Mud^X-^ = . (3.16) 
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From the Neumann condition (|3.11bp follows, upon insertion of (j3.14p and (j3.11ap . that 



so eq. (|3.16p becomes 

from which immediately follows that 

K Li J e\ = 0. (3.17) 

Hence both the Neumann and Dirichlet projectors are null with respect to L, so that the D-brane 
is a maximally isotropic subspace of the doubled geometry, and we see that 

E^kLij = LklE j . (3.18) 

Thus for every Neumann condition there is a Dirichlet condition, and they are related by an action 
of L, so that there are equal numbers of Neumann and Dirichlet conditions. The results (j3.13p and 
(j3.17p are just the doubled geometry extension of the null conditions in ref. [21j, while the condition 
(j3.18p is the generalisation of the corresponding condition in [S] . 

To summarise, the set of boundary conditions defining smooth D-branes in the doubled space 
X ar^ (where we have included the two geometrically motivated assumptions (j3.8p and (j3.9p ): 

^It is unclear whether or not the boundary conditions for the doubled sigma model admit an analogue of the 
gluing matrix R defined for the conventional nonlinear sigma model, cf. refs. [281129) . In particular, the gluing matrix 
of refs. [281 129] encodes conformal invariance on the boundary, and it is not obvious how the conformal invariance of 
the conventional sigma model may be represented within the doubled formalism. We leave the question of existence 
and interpretation of such a doubled analogue of the gluing matrix to future investigations. 
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• Null conditions (l3l^ and (fSTTll : 

'^^kLijE-^l = E^ kLijE"^ L = (I) 
The D-brane must be a maximally isotropic subspace of X. 

• Structure constant condition (j3.15p : 

'^^ [I^^ K]tvj'K' = (II) 

The two-form lo on the D-brane must vanish and the Wess-Zumino term 
tijK imposes a restriction on the orientation of the brane. 

• Orthogonality (|3.9|) : 

-B'kMijE^l = (III) 

The Neumann and Dirichlet projectors are mutually orthogonal with 
respect to the doubled metric Mij. 

• Integrability (|3.8p : 

i-J' jd^i,-"" j,^ = (IV) 
The D-brane is locally a smooth submanifold of X . 



3.3 T-duality 

Since we will need to apply T-duality to our system, including boundaries, here we define the T- 
duality transformations in explicit matrix representation. Of particular interest are d-dimensional 
backgrounds constructed as T'^~^ fibrations over a base circle. The doubled space is a 2(i-dimensional 
geometry on which there is a natural action of 0((i, d] Z). The action of 0(d— 1, d— 1; Z) C 0{d, d; TL) 
can be realised as a fibrewise T-duality on the T'^~^ fibres, and there is some evidence j5] that the 
action of the full 0{d,d;7j) can be realised as a nonisometric generalisation of T-duality. Then 
Buscher's rules, where applicable, are reproduced by the action of the matrices [30l |3T1 |32l [33] 

where the sub matrices Tj, i = 1, ...,d are zero everywhere, except for a 1 in the i-th diagonal entry. 
The operator pi thus T-dualises along the i-th direction, e.g., p^i exchanges x* with its dual Xi (cf. 
section I2.1.2p . The left-invariant one- forms transform as 

r{X) ^ V'iX') = TMP^^NT^i{X')dX'\ X'^ = /jX-^. 

This transformation may be viewed in two different ways, the "active" versus the "passive" approach 
[Hi [25]. In the active transformation the polarisation is kept invariant while the geometry (doubled 
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vielbeins, doubled metric, Neumann and Dirichlet projectors, as well as their arguments) changes. 
The passive transformation on the other hand acts only on the polarisation, leaving the geometry 
unchanged. Here we use the active transformation, for which the explicit duality rules read |1H I12j 



Mij{X) ^M'jj{X')=p^jMkl(.pX) p'-j, (3.20) 
H^(X) ^ H'^(X') = p^K^'^LipX) p\j . 

The dual branes must satisfy the dual boundary conditions. The null condition ^ transforms as 

E{XfL H(X) ^ E'iX'fL' H'(X') 

= (p^H(X')V)(p^ L p){p H(X')p) = p^H(X')^L H(X') = , 

hence if H is null, then the dual r! is automatically null, and the same holds for H. Similarly the 
orthogonality condition transforms in a trivial way, 



H(X)^X(X) H(X) ^ H'(X')^7W'(X') H (X') 

= (p^S(X')^p^) {p^M{XJ) p) [p H(X') p) 
= p^H(X')^A^(X') H(X')p = 0, 

so that the duals of any pair of mutually orthogonal projectors S and H are always orthogonal 
to each other. The pull-back of the structure constants by the vielbeins V^^ i, tjjK = Ljj/t^' jk, 
transform as 

tiJK tjjj^ = Ljjd JK = [P iLrs p l'\ p R't j'K'iP ) J [P ) K 

= [LrRt^j^K'] p''i{p-Yj{p-Y'K 
= ti'j'K' P^'iip'-^y J {p'Y'k = t ppp, 

whence follows the dual version of condition (jlH) . schematically (total antisymmetrisation is under- 
stood), 

H(X) H(X) H(X) t ^ H'(X') H'(X') H'(X') t' 

= (p H(X') p) (p H(X') p) (p H(X') p)pppt 
= pppEiX')E(X')E(X')t = 0, 

i.e., it is automatically satisfied if the original condition is. Finally, the integrability condition pvp 
similarly transforms linearly. 



E{X)\j, E{Xyj,] diE{X)^j ^ E'{X'y,p H'(X')^j,, ^^^'(X')^ 



J 



= {p H(X') p)\i, {p E{X') pYj,^ p^i diE{X')^,j pJj p^K 
= pJ'j, p^K H(X')^[P E{X!yj,^ djE{X')^j = , 

hence the dual brane is always integrable if the original one is. 

Note that in the passive approach, where only the polarisation projectors transform, the invari- 
ance of conditions (|H)- ()IVp is obvious since the polarisation is not manifest in these conditions. 
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4 An explicit example 



We consider a six-dimensional doubled group ^ and study the boundary conditions for the sigma 
model on the twisted torus X = Y\S . The local structure of X is given by the structure constants 
of the group t\2' = ^23^ = ^31^ = —nT- G ^, which appear in the Lie algebra 

[Ti , T2] = -mTg , [T2 , T3] = -mT4 , [T3 ,Ti] = -mn, (4.1) 

with all other commutators vanishing. A dual representation of this Lie algebra is given by the 
left-invariant one- forms (obtained by solving the Bianchi identities (|2.2p ) 

= dX^ = dX^ + imX^dX^ - ^mX^dX^ 

p2 = = dX^ + imX^dXi - imX^dX^ (4.2) 

p3 = dX^ = dX^ + imX^dX^ - imX^dX^ 

where local coordinates X^ on X have been chosen. In this dual representation the local structure 
of X is fixed by the Bianchi identities for V^'^ , while the global structure is determined by the co- 
compact subgroup r, which may be defined by its action on the coordinates X^ as the identifications 

X^ ~ Xi + X^ ~ X^ - imX^c^ + imX^c^ + 

X2 ~ X2 + X^ ~ X^ - ^mX^c^ + imX^c^ + (4.3) 

X^ ~ X3 + X^ ~ X^ - imX^c^ + imX^c^ + 

where are real constants depending on the details of T. The Wess-Zumino term in the action 
(j3.2p can be written as (since tus = —m) 

T = -^m dX^ A dX^ A dX^ , (4.4) 

and much of our focus will be on the constraints imposed by this three-form on the Dirichlet 
and Neumann projectors. We shall proceed by choosing a polarisation that corresponds to a 
conventional sigma model describing the embedding of the worldsheet in a three-torus with 
a constant H-&ux background. Other, possibly T-dual, sigma models may be obtained from the 
"doubled" sigma model (j3.2p by different choices of polarisation - effectively different coordinate 
choices in the doubled space. The relationship between changing the polarisation, which can be 
understood as an action of an element of 0(3, 3; Z), and T-duality was discussed in section [331 and 
at length in refs. P [25]. 

The doubled geometry allows for eight different polarisations, related by 0(3, 3;Z) transforma- 
tions summarised in the following diagram, 



f 

■xyz Jyz 









V 


f y 

J zx 




< >x 


r) zx r\ xy 

2/ ^z 


z\ 


/y 




S/ \i i/' z 


Qx^' 






j^xyz 
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where x, y, z are three of the coordinates X^, and the arrow with label x denotes a T-duality along 
the x-direction, or along its dual x. The structure constants h, f and Q fix the local structure 
of the H-Qux, nilmanifold and T-fold backgrounds, respectively, while the i?-flux background does 
not have a description as a conventional spacetime. Some of these dualities have been shown to be 
true symmetries of string theory [34j . others are only conjectural. The issue of whether or not the 
action of 0(3, 3; Z) is a symmetry of string theory is an important one, but will not be discussed 
further here. 

The remainder of this section is devoted to the derivation and description of the D-branes living 
on the eight backgrounds in the above diagram, from the embedding in doubled geometry. 



4.1 with //-flux 



Consider the choice of polarisation of coordinates 



x 

X 



y 
y 



whence the Wess-Zumino term in eq. (j4.4p becomes 



X2, 

X^. 



WjX^ = X3 , 

n,/X^ = x6 , 



T = — m dx A dy A dz , 
2 ^ 



(4.5) 



(4.6) 



To simplify the discussion we choose the doubled metric in the Lie algebra frame to be M.mn = 
^MN- The pull-back of this metric to the doubled space is M.ij = iSmn'P^ so that, using 
eq. ()2.7p in this polarisatiojf] {m' = m/2), 



^ 1 + ml'^y^ + ml'^z^ 



M 



ij 



/2 

-m xy 



\ 



/2 

-m xy 
-m xz 



m'z 



-m'y 



1 + m''^ z^ + m'^x^ 



/2 

-m yz 
—m'z 



m'x 



/2 

— m xz 

/2 

—m yz 

/2 9 /2 9 

1 + m X + in y 
m'y 







-m'z 



m'y 



1 





m'z 





-m'x 

1 




-m'y \ 
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This polarisation gives rise to a physical background which is a three-dimensional torus with con- 
stant H-&UX. The "local frame" version of the Lie algebra reads 



[Zxi Zy 



[Zy, Zz] 



[Zz-, Zx] = hzxyX'y , 



^xyz — hyzx — hzxy 



-m . 



where Zi = [Zx, Zy, Zz) and X* = (X^ , , X^) are obtained as contractions of the corresponding 
generators in eq. (j2.5p with the inverse of vielbeins. The Zi and X* are related, respectively, to the 
isometrics of the three-torus and to the antisymmetric tensor transformation of the B-field. 



®Since the three-torus is flat, the three-dimensional vielbein is e"^i — 5,-", and we have gtj — 5ij. Moreover, we 
have chosen B = m'{xdy A dz -\- ydz Adx -\- zdx A dy). 
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4.1.1 Solving the boundary conditions 



To begin the analysis of D-brane embeddings, first note that due to the relation (j3.18p between 
Neumann and Dirichlet projectors any given D-brane has equal numbers of Neumann and Dirichlet 
directions in the doubled space. Thus in this example each brane has three Neumann and three 
Dirichlet directions. 

The polarisation projectors and the 0(3, 3) invariant metric in a given open contractible patch 
can always be written as 

"^=(ooj' "^=ionj' '"^[lo)- ^"^ 

The form of allowed Dirichlet projectors in this basis is determined by the four boundary conditions 
([I|)- (|IVP listed in section [221 and we start with condition That is, we solve the null condition 

2 

()3.17p together with the projector condition H = H. One finds 




(4.8a) 



where the 3x3 submatrices a, b, c satisfy 



b^ = -b, ab+{abf = 0, 

= -c, ca + {caf = , (4.8b) 

be = a(ll — a) . 

With the restrictions ()4.8bp the null condition (j3.13p for the Neumann projector H = I — H is also 
satisfied, and as a consequence so is the relation (|3.18p . 



Next we impose the boundary condition ([II|), i.e., we require that a; = in eq. (j3.ip . so that 

H^i/T|D = 0. (4.9) 

As shown in section 13.21 this is equivalent to requiring 

ti,j,K' = -6m E^iZyj-B^i,^ = , (4.10) 

and since m ^ this means that the totally antisymmetrised product of Neumann projector entries 
in the x-, y- and z-rows must vanish. Thus we may keep only those of the Dirichlet projectors which 
correspond to such Neumann projectors. The physical interpretation of this requirement is obtained 
by inserting the projector in the doubled Dirichlet condition (j3.11ap . which shows that the projector 
defines one of the Dirichlet directions in the doubled space to include a component in the space 
spanned by the x-, y- and z-axes. On the other hand, it is immediately clear that any brane with 
at least one Neumann direction in the space spanned by the x-, y- and i-axes will automatically 
satisfy (j4.9p . since t^-T = CyT = l^T = 0. Thus boundary condition (jTl|) prohibits branes wrapping 
the whole of the physical T^. 
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Further limitations on the solutions (j4.8p are imposed by boundary condition (jllip . which re- 
quires the Neumann and Dirichlet projectors to be orthogonal with respect to the doubled metric, 



0. 



(4.11) 



Solving the system of equations (|4.8bp , (|4.10p and (j4.1ip one finds a generic form of the Dirichlet 
projectors allowed, plus a number of solutions corresponding to those values of the free parameters 
in a, b, c where the projector (I4.8ap blows up. The generic solution has the block matrix form 



a 

c I — a 



T 



(4.12a) 



with the matrices a, b, c given by 

/ ail 





m'xbis 

- 033 + On 
032 



m' x{a32—m' zbi3)bi3 
m'ybi3+a33-l 
{a33-i){a32-m' zbi3) 
m'ybi3+a33-l 

033 



(4.12b) 



/ 

(a32-m'zbi3)bi3 
m'ybi3+a33-l 

\ -bi3 



{a32-m' zbi3)bi3 
m'ybi3+a33 — l 







v 





_ 011032 
bi3 

011(033-1) 

bi3 



011032 
613 





-m xaii 



011(033-1) 

bi3 

m'xaii 




(4.12c) 

where there are two free parameters, here taken to be 613 and 033. The other matrix elements 
depend on these two parameters via the relations 





On 



- 2m'zbi3a32 + 6^3(1 + m'^z^) + {m'ybis + a33){m'ybi3 + 033 - 1) , 
-[6^3(1 + m'^z^) + in'ybi3{m'ybi3 + 033 - 1) - m'zbi3a32]/{in'ybi3 + 033 - 1) . 

(4.12d) 

There are a number of values for the parameters 613 and 033 for which certain elements in Hq blow 
up, in particular when 613 = or 033 = 1 — m'ybi3. We can still make sense of the Dirichlet 
projector H at these specific values of the parameters by first setting the divergent elements in the 
submatrices a, 6, c to zero and then solving eqs. ()4.8bp . ()4.10p and (j4.1ip . In this way one finds 
three independent solutions, each evaluated at 613 = and/or 033 = 1 — m'2/613, in addition to Hq 
(which is evaluated at 613 7^ and 033 7^ 1 — m'ybis). Two of these solutions will be given in eqs. 
()4.17p and (j4.18p below, while the third is of the form 




O, 



^23 



033(1 - 033) 



\ -m'y{l - 033) - m' 2:023 



-m'za33 - m'ya23 'm'y{l - 033) + m' za23 





(4.13a) 



(4.13b) 
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where O denotes the 3x3 matrix of zeros. We have thus found that the Dirichlet projectors which 
satisfy the conditions ([J), (jlB and OIB of section [3^21 fah into two classes. The first, of the form 
()4.12p . is vahd when 613 7^ and 033 / I — m'yhi^. The second class, given in eqs. ()4.13p . (j4.17p 
and (j4.18p . contains projectors valid at the special points 613 = and/or 033 = 1 — m'ybi^. All 
other solutions can be derived from these four by permutation of the coordinates x, y, z, x, y, z, 
and by setting the free parameters to appropriate values or functions. 

It remains to impose boundary condition pvp . integrability. However, due to the complexity of 
the generic solution (j4.12p we failed to confirm, or to derive conditions for integrability in general. 
We therefore choose to focus on a subset of solutions, namely those for which one of the x-, y- and 
z-rows in the Neumann projector vanishes. Such projectors trivially satisfy the structure constant 
condition ()4.10p . and we single out the x-direction so that 

H^/ = (I-H)^7 = 0. (4.14) 

In other words, (I — a, —6)^/ = V / G {x,y, z,x,y, z}. Inserting this projector in the doubled 
Dirichlet condition (jS.llap tells us that what we have done is to choose the x-direction to be Dirich- 
let. Similarly, choosing the y- or z-row to vanish renders the corresponding coordinate Dirichlet, 
and the respective analysis is related to the one for x by a coordinate permutation. 

The system of equations ()4.8bp . ()4.1ip and (|4.14p has four solutions (according to Maple 9.5 
and 11). 



The first solution is 

where B is the B-field appearing in the doubled metric, cf. eq. 
The second is 

^2 = 



2M. 



a 



where the submatrices a and c are given by 





( 1 








a = 













^ 









/ 

y m'x 





m' 




(4.15) 



(4.16a) 



(4.16b) 



The third solution is 



where 



/ 1 

1-033 ^23 
\ 023 033 



a 

c 




(4.17a) 



(4.17b) 
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and the entries in a and c satisfy 
ais = 033(1 - ass) , C12 = m'z{l 



-ass) - rn'ya22, , 



CIS = rn'za23 - m'yass . (4.17c) 



The fourth and final solution is 



where 







H4 






( 1 








a = 


-m'yb23 


«ss 







\ -m' 2:62s 





ass 



a b 
c I - 



/ 
62s I , 

V -62s 



/ 



m'zass 



-my ass 

-m'zass ass (ass - 1)/&2S 

\ m'yass -ass(a3s - 1)/^2S 
and 62s and ass satisfy 

i'2;(2ass - 1) ± V("i'^)^ " 4ass(ass - 1 



m : 



'J23 



y^O, 4a3s(a3s-l) < (m'x)2. (4.18d) 



2(1 + (m'x)2 



(4.18a) 



(4.18b) 



(4.18c) 



Note that H2 is just a permuted version of the solution ()4.13p with ass = 1- 

The Dirichlet projectors given in eqs. (j4.15p - (|4.18p satisfy three of the conditions derived in 
section [3^ namely ([H)- ()IIip . and the integrability condition (jIVp is now relatively straightforward 
to solve. It is easy to see that integrability is automatically satisfied for Hi and H2, whereas for 
Ss one finds that only ass = and ass = 1 give integrable Neumann projectors, and for H4 it is 
necessary that 



ass = , k 



m'x 



'2S 



1 + {m'xY 



or 



ass = 1 , k 



m'x 



'2S 



1 + (m'x)^ 



(4.19) 



Note that since 623 = in H4 is a singular point, this projector is ill-defined at x = 0. However, 
upon inspection one finds that in the limit x ^ 0, H4 approaches Hi when ass = 1) a-nd H2 when 
ass = 0. 

In the following subsections we derive the explicit embeddings of branes corresponding to the 
projectors (j4.15p - (|4.18p . both in doubled space and in physical space. 



4.1.2 The Dirichlet projector Hi: DO-branes 



For the Dirichlet projector Hi, solution (|4.15p with non-trivial B-field, the Dirichlet conditions 
(|3.11ap become 



jdrX-^ = 



{drX = dry = drZ = 0} 



(4.20) 
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Thus this brane is necessarily fully Dirichlet in the {x, y, z} dimensions, giving a DO-branelzl From 
the Neumann condition ()3.11b[l we find 



'JkMijO^X-^ = 



daX — m' zdaV ~ rn'ydaZ = 
daV + m'zdaX — m'xdijZ = (4-21) 
daZ + m'ydaX + m'xdaV = 




The solutions to (j4.20p and (j4.2ip are of the form 

= fi{T) +m'z{a)y{a) 

= /2(t) +m'/ da[z{a)d„x{a) - x{a)daz{a)] 
= hir) - m'x{a)y{a) 

for some arbitrary functions /j. Since the fi'.s are mutually independent, the moduli space of 
allowed motions for the end-point of a string (which by definition is at some fixed a) coincides with 
the three dual dimensions. Thus the brane fills up the dual {x, y, z} dimensions, as expected from 
the Dirichlet conditions ()4.20p and the fact that the brane must have three Neumann directions in 
doubled space. 

Because the brane is fully Dirichlet in the {x, y, z} directions, the application of the self-duality 
constraint (j2.4p . which we use to eliminate dual coordinates, yields no new information. In fact, the 
constraint becomes just the Neumann conditions (j4.2ip . Thus the Dirichlet projector Hi defines a 
DO-brane located at an arbitrary point in the physical space, or rather, a foliation of DO-branes. 



4.1.3 The Dirichlet projector H2: D2-branes 

The Dirichlet conditions (13. flap for the solution H2 in eqs. (I4.16P become 



E^jdrX-^ = 



drX = 

m'xdry + drz = (4.22) 

m'xdrZ — dry = 

This brane is always normal to the x-direction (a requirement imposed by eq. ()4.14p ). but a straight 
line in the y-z plane and a straight line in the z-y plane, and it is inclined by an angle determined 
by the position along the x-axis. From the Neumann condition (jS.llbp we find 

E^kMijO^X^ = ^ {d,x = d^y = d^z = 0} . (4.23) 

Note that for x = the directions y and z are Dirichlet. This is a D2-brane located at x = and 
filling up the y, z and x dimensions. The description in terms of physical space coordinates (x, y, z) 
is straightforward, since the self-duality constraint (j2.4p reduces to a trivial exchange of Neumann 
and Dirichlet conditions on original and dual coordinates: drXi = —d^x"^, d^Xi = —drX^, where 
X* = {x,y,z), Xi = {x,y,z). 



^In our notation a Dp-brane extends in p of the physical dimensions x, y, z. This is because our target space does 
not include the physical time direction, which is part of the external uncompactified four-dimensional spacetime. 
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For X ^ eqs. (|4.22p and (j4.23p are solved by (/i and /a are arbitrary functions) 

X = x{a) X = x{t) 

< y = y{T) I y = m'x(a)z{T)+fi(a) (4.24) 

, z = z{t) [ z = -m'x{a)y{T) + /2(o-) 

The end-point (at fixed a) of this string moves freely along the x-direction, while it is restricted to a 
straight line in the z-y plane and a straight line in the y-z plane, with inclinations parameterised by 
the position of the brane along the x-axis. The values of the functions /i(cr) and /2(o') determine 
the position of the lines in their respective planes. Since the number of Neumann degrees of 
freedom in the {y,z,y,z} directions is two, given by ^(t) and z{t), the brane defines a two- 
dimensional plane in these dimensions. Thus eqs. ()4.24p define a foliation of D-branes extending 
along the x-direction, whose remaining two Neumann directions span a two-dimensional surface 
in the {y, z, y, z} directions, with x-dependent orientation. Note how this embedding consistently 
reduces to the x = case analysed above, with the brane oriented along the y- and z-directions. 
Thus there is a continuous foliation for all x. 

Since this brane is rotated in a subspace of the doubled space involving both physical and 
dual coordinates, it is not immediately obvious what kind of physical brane it corresponds to. To 
find out, we insert the solution (j4.24p for y and z into the self-duality constraint and solve the 
resulting system of equations. Imposing the Dirichlet and Neumann conditions (j4.22p and (j4.23p 
the self-duality constraint (j2.4p reduces to 

drX = m'zdry — m'ydrZ — d^x 
< dfjy = —m'zdtjX — dry (4-25) 
daZ = m'ydaX — drZ 

Because y and z are both independent of a, the first equation implies that d^x is in fact a constant. 
As a consequence dafi and 8^/2 are also constants. The two equations for d^y and d^z in (j4.25p 
become, upon insertion of the solutions ()4.24p for y and z, a system of partial differential equations 
for y and z, 

dry{T) + 2m'z{T)d„x + d^h = 
drz{T) - 2m'y{T)daX + 5^/2 = 

Discarding the trivial unphysical solution with all coordinates set to constants, this system has two 
solutions (Cj are arbitrary nonzero constants), 

{ X = Ci , y = C2r + C3 , z = C4r + C5 } (4.26) 
X = CecT -|- C7 

< y = Cg sin(2C6m'r) + C9 cos(2C76m'r) + Cio (4.27) 
^ z = Cq sin(2C6mV) - Cg cos(2C6m'T) + Cn 

The solution (j4.26p dictates that the string end-point move on a straight line in the y-z plane, while 
the solution (j4.27p describes a circular motion in the same plane. In physical terms, the straight 
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line solution corresponds to an electrically charged string end-point moving in an electric field, 
while the circular motion is that of the charge in a magnetic field. The actual path of a given string 
is an arbitrary linear combination of the two propagation modes, whence the number of Neumann 
degrees of freedom is two. Hence the physical brane is a D2-brane normal to the x-axis, filling 
up the y-z plane. Since the x-position is also a free parameter, there is actually a foliation of the 
physical space by D2-branes normal to the x-axis. 



4.1.4 The Dirichlet projector H3: Dl-branes 







(4.28) 



For the Dirichlet projector H3 in ()4.17p . the Dirichlet conditions (|3.11ap become 

drX = 
a23dTy + a33drZ = 
(1 - a33)5ry + a23drZ = 
a23drZ - a^sdrV = 
(1 - a33)drZ - a23dry = 

where 023 = 033(1 — 033). Analogously to the previous analysis, we see immediately that the brane 
is always normal to the x-direction (as required by eq. (j4.14p ). while the orientation in the y-z and 
y-z planes depends on 033. Recall that integrability restricts 033 to be either or 1 (see section 
I4.1.ip . For 033 = the Neumann conditions ()3.11bp read 

d„z = 



^'kMuS^X' = 



+ m'zdaX = 
daX — m'zday = 



and the Dirichlet conditions (j4.28p reduce to 

drX = dry = drZ = . 

This is a foliation of Dl-branes extending along the z-, x- and y-axes, for arbitrary x, y and z. For 
033 = 1 the Neumann conditions are 



'JkMijO^X-^ = 



daZ — m'ydaX = 
daX + m'ydaZ = 



and the Dirichlet conditions ()4.28p become 

drX = drZ = dry = , 

so again we have a foliation of Dl-branes, but now extending along the y-, x- and i-axes, for 
arbitrary x, z and y. 

The description of these branes in terms of physical coordinates (x, y, z) is simple, since the self- 
duality constraint just reproduces the Neumann and Dirichlet conditions in each of the two cases 
above. Thus for 033 = we have a foliation of physical Dl-branes extending in the z-direction, and 
for 033 = 1 a foliation of physical Dl-branes extending in the y-direction. 
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4.1.5 The Dirichlet projector H4: D2-branes 



Inserting the Dirichlet projector S4, defined in eqs. (j4.18p . into the Dirichlet conditions (j3.11ap 
yields 



—I 







and the Neumann conditions (jS.llbp read 



drX = 

oasc^ry + b2zdrz = 
a2,3.drZ - b22.dry = 



daX 

daX — m'zdaU + rn'ydrjZ 
(623 + m'x{m'xb23 - a33))day 

+{m'xb23 - 033) 5c. 5 
(623 + m'x{m'xb23 - asa))^^^ 

-{m'xb23 - a33)day 



(4.29) 







where ass and 623 are restricted by integrability to the values (j4.19p . In particular, recall that 
a; 7^ 0. For 033 = we have 

drX = d-rZ = drV = , 

i.e., a D2-brane coinciding with the y-z plane. For 033 = 1 the brane in doubled space is a straight 
line in the y-z plane and a straight line in the z-y plane, with orientation determined by the position 
on the X-axis. In the four dimensions {y, z, y, z} it is thus a two-dimensional plane, while it extends 
also along x and is normal to the x-direction. This is similar to the situation in the analysis of 
H2 (see section ll.l.Sp . and in the same way it projects to a physical D2-brane at arbitrary x / 0, 
coinciding with the y-z plane. Substituting the self-duality constraint in the Neumann conditions 
yields the partial differential equations 

f (m'x623 - a33)dry + b23daZ = , 

I (m'x623 - 033)9^2: - b23day = , 

which describe a foliation of physical D2-branes normal to the x-axis. Thus H2 and H4 both define 
D2-branes, however they describe different foliations, because of the difference in parameterisation 
of the orientation of the brane in doubled space. After the physical projection this translates into 
a difference in dynamics of the end-points of strings. 



As noted in section 14.1.11 in the singular limit x — > (so that 623 0), for 033 = 0, H4 
approaches H2 at x = 0. That is, also at x = there is a D2-brane coinciding with the y-z plane, 
as there is for nonzero x, so the foliation is continuous. For 033 = 1 it is easy to see from eqs. (j4.29p 
that H4 approaches Hi when x — > 0. That is, as x approaches zero the two-dimensional surface in 
the {y, y, 5} dimensions changes orientation until it coincides entirely with the y-z plane, leaving 
all the coordinates x, y, z Dirichlet, resulting in a DO-brane at x = 0. As a result, we have an 
interpolation of sorts, between D2-branes and DO-branes, related by a rotation in doubled space. 
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It is more difficult to see a direct connection with the Dl-branes H3, but since all solutions are 
in principle related via the generic one in eq. (I4.12P we expect them all to rotate into each other, 
unless there are branch cuts in the moduli space of solutions. 

4.1.6 Summary 

We have found that the four boundary conditions ([Il)- pV|) defining D-branes of the doubled space 
sigma model, supplemented with the restriction (j4.14p . H^/ = 0, allow only the following physical 
branes on a flat torus with H-Hux ()4.6p : 

• Every D-brane has at least one Dirichlet direction; we chose the x-direction (H^/ = 0). 

• Hi: DO-branes (fully Dirichlet) at arbitrary position. 

• H2 and H4: D2-branes normal to the x-axis and filling up the y-z plane, at arbitrary rc-position. 

• H3: Straight line Dl-branes along the y- and z-axes. 

All other branes are prohibited, including spacefilling D3-branes. 

In doubled space, with the polarisation (j4.7p . the allowed configurations are illustrated in the 
table below, where we denote worldvolume directions by 0, directions perpendicular to the brane 
by -, and directions with respect to which the brane is inclined by / or \ (same inclination of the 
slash indicates the plane in which the brane is a straight line). 
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Dl 
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4.2 Nilmanifold (/-flux) 

Having completed the analysis of branes in the iJ-flux case, we now apply T-duality to the set of 
consistent Dirichlet projectors Hi, H2, ^3(033 = 0, 1), ^4(033 = 0, 1), and analyse the resulting dual 
projectors for consistency. In terms of the doubled geometry, such an action entails a global trans- 
lation and rotation of the brane, or from another point of view, a different choice of polarisation. 
In terms of the physical target space, the local geometry as well as the flux are radically changed, 
but we will see that the D-branes transform in a standard way. 
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Strictly speaking, Buscher's rules can only be applied along isometric directions for which the 
background is invariant. The solution to the Bianchi identities chosen in (14. 2[) is the most democratic 
one, but the corresponding vielbein (j2.7p is not invariant along any of the directions x, y, z. One 
can therefore not perform a T-duality along these directions. However, a different parameterisation 
(or gauge choice) of the solutions to the Bianchi identities may render some directions isometry 
invariant, along which T-duality is then allowedlf] The solutions to the Bianchi identities on the 
dual side may be restored to the form ()4.2p by an appropriate coordinate change. 

We derive the dual backgrounds and Dirichlet projectors in each of the three /-flux configu- 
rations obtained by dualising once along, respectively, the x-, y- and z-directions. The dualised 
Neumann projectors are listed in appendix lA.il and they trivially satisfy all dual boundary condi- 
tions. It is for instance straightforward to see that the structure constant condition (jn]) is satisfied 
on the dual side, as follows. Since in the i/-flux case the only nonzero component of the structure 
constant is txyz = —'m, after dualising once the only nonzero components are, respectively, t' xyz-, 
t' xyz and t' xyz- The corresponding conditions then read 

„/x „iy „iz I _ „ „ix „iy „rz / _ „ „/x „/y „/2 / _ „ 

^ K]!^ xyz — ^ , ^ [I^ Ky-xyz — ^^ ^ [I^ K]!^ xyz — ^ ■ 

In the case of T-duality along x, all of the dual Neumann projectors satisfy H'^/ = 0, while for 
duality along y or z they all satisfy H'^/ = 0. Thus we see that all the branes corresponding to Si, 
S2, ^3(033 = 0, 1), 24(033 = 0, 1) transform consistently under one T-duality. 

4.2.1 Dual description of the branes 

To see what kind of branes the dual projectors correspond to, one may simply exchange the relevant 
coordinates in the corresponding boundary conditions in the analysis in section 14. li For instance 
the brane corresponding to the T-dual along x of Hi may be obtained by exchanging x ^ x in the 
Dirichlet conditions (|4.20p . so that 

drX = dry = drZ = . 

We thus find a Dl-brane along the x-axis, which is consistent with dualising a DO-brane along the 
X-axis. For the T-duals along y and z we find Dl-branes along the y- and 2:-axes, respectively. 
Similarly, for H2 the T-dual along x is seen to be a D3-brane while the T-duals along y and z are 
Dl-branes inclined in the y-z plane at angles parameterised by x. For ^3(033 = 0) the T-duals 
along X and y are D2-branes in the x-z and y-z planes, respectively, whereas the T-dual along z 
is a DO-brane at an arbitrary point. The same holds for ^3(033 = 1), except the roles of y and z 
are exchanged. The D2-brane ^4(033 = 0) becomes a D3-brane under dualisation along x, while 

*For instance, in eq. (I4.2|l we can make the change of coordinates X'^ = X^ - ^mX^X^ and X** X'^' = 

X^ — imX^X^, which leaves the Bianchi identities invariant. The Maurer-Cartan one-forms then become = 
dX'^ + mX'^dX^ and = dK'^ + mX^dX^, which corresponds to a duahty twist reduction with monodromy around 
the x-direction [11) . 
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its dual in the y-direction is a Dl-brane along z and its dual in the z-direction a Dl-brane along 
y. Finally, also ^4(033 = 1) T-dualises along x to a D3-brane, but its dual along y describes a 
straight line in the y-z plane and a straight line in the y-z plane, with one Neumann degree of 
freedom in each plane. It thus projects to a physical Dl-brane in the y-z plane, with orientation 
parameterised by x. The T-dual along z is analogous, again giving a Dl-brane in the y-z plane, 
but with a different orientation. 

All branes thus transform under T-duality in the standard way, and we summarise the analysis 
in tables below, together with the dual backgrounds, for each of the three dualisations along the 
re-, y- and ^-directions. 



4.2.2 Nilmanifold with structure constant fyz^ = — m 

Performing a T-duality along x corresponds to choosing the polarisation 

x = Wi%} = ^^, y = Wi%} = t^, z = W{%J = ^^, 

~ T 1 ~ T . ~ T 4.30 

i = n^./X^ = , y = Hy/X^ = X^ z = H^/X^ = X^ . 

Note that the roles of X^ and X^ have been exchanged relative to the //-flux case in section 14.11 
The explicit form of the Lie algebra is 

[Zy,Zz\ = fyZ^Zx, [Zz.,X^] = —fzy^X'^, [X^,Zy] = fyz^X^ ^ 

The doubled metric in this polarisation is 
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After imposing the self-duality constraint (j2.4p the physical background is a three-dimensional 
nilmanifold with zero B-field and no flux. The spectrum of allowed D-branes, which all wrap the 
x-direction (since the original branes are all Dirichlet along x), are summarised in the table below. 
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Note that the branes corresponding to the projectors H2 and ^4(033 = 1) are not fully Neumann 
along the directions x, y, z in doubled space; they are inclined in the y-z and y-z planes. Never- 
theless, after imposing the self-duality constraint (j2.4p . with x,y,z becoming physical coordinates, 
these branes correspond to D3-branes in physical space, completely filling up the x, y, z dimensions. 



4.2.3 Nilmanifold with structure constant f^x^ = —m 
Here we T-dualise along y, corresponding to the polarisation 



X 
X 



n^/X^ = y = uyrX^ = x^ 



n,/X^ = x4 , 

The Lie algebra in this case reads 



y 
y 



UyiX^ = x2 , 



fzx^ = -m . 



WjX^ = X3 , 

n^/X^ = x^ . 



[Zz, Zx] — fzX^Zy , 



(4.31) 



The doubled metric in this polarisation is 
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—m'y \ 






m'x 

1 / 



Again, the physical background corresponding to this polarisation is a nilmanifold, but with the 
roles of the coordinates x and y exchanged relative to the previous case. The spectrum of allowed 
D-branes is given by 
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4.2.4 Nilmanifold with structure constant fxy^ = —fn 

T-dualising along z, with polarisation 

x = n^/X^ = xi, y = w{%} = t^, z = n^/X^ = x6, 

X = UxiX^ = X^ , y = UyiX^ = X^ z = n^/X^ = X3 , 
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and Lie algebra 



[Zxi Zy] — fxy^Zz , [Zy,X^] — —fyx^X^ , [X ^ , Z x] — fxi/^X^ , 

fxy — ^ ) 

the doubled metric is 
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In this nilmanifold the coordinates x and z are interchanged with respect to the nilmanifold in 
section I4.2.2I The spectrum of dual D-branes is given by 



Duality 


Dirichlet 


Type of 














direction 


projector 


brane 


x 


y 


z 


X 


y 


z 




^1 


Dl 



















H2, ^4(033 = 1) 


Dl 




1 


/ 





\ 


\ 


z 


^3(033 = 0) 


DO 



















^3(033 = 1) 


D2 



















^4(033 = 0) 


Dl 


















4.3 T-fold (g-flux) 

Performing a fibrewise T-duality along two directions of the with i?-flux background gives a 
T-fold [H [6]. Such backgrounds are often referred to as tori with "Q-flux" [22]. The dualised 
Neumann projectors are listed in appendix IA.21 and again they all satisfy the dual boundary 
conditions. All branes corresponding to Hi, H2, ^3(033 = 0,1), ^4(033 = 0,1) are thus consistent 
under two T-dualities. Below we list the branes appearing in each of the three Q-flux cases. 

4.3.1 T-fold with structure constant Qz^^ = —m 

T-dualising successively along x and y corresponds to the polarisation 

x = ^^/X^ = X^ y = W>{%} = ^\ z = Wi%J 

X = n^/X^ = x\ y = UyiX^ = x2 , z = n^/X^ 

The Lie algebra in this polarisation is 

[x\xy] = Qz^yx' , [xy, z,] = -q-J^^Zx , [^., x-] = Q-/yz, 

Q-y = -m, 



x^, 
x^ 



(4.33) 
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and the doubled metric is 

/ 1 m'y -m'z \ 

1 —m'x m'z 

, m'y —m'x 1 + m'^x^ + m'^y^ —m''^xz —m''^yz 

J ' I- '7*7 J / /O /OO/OO /O /• 

Q m z —m xz 1 + m y + m z —m xy —m y 

—m'z —m'^yz —m'^oty 1 + m'^x^ + m'^z^ m'x 

\ -m'y m'x 1 / 

The physical background is a T-fold constructed as a fibration over the z coordinate. The 
dual branes are interpreted in the same way as in the nilmanifold case, by exchanging dualised 
coordinates in the relevant boundary conditions, resulting in the following table. 
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4.3.2 T-fold with structure constant Q^^ = —m 



The polarisation for duality along y and z is 

rl _ ^1 
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y = UViX^ = , 
y = UyiX' = X2 , 



z = WiX^ = X^ , 
z = U.iX^ = X^ , 



the Lie algebra reads 

[z,,xy] = Q,y'z,, 



[xy, X'] = Q^y^x- , [x^ z,] = -Q^^yZy , 
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and the doubled metric in this polarisation is 



(4.34) 
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The T-fold here is given by a fibration over a circle with coordinate x. The resulting dual branes 
are 
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4.3.3 T-fold with structure constant Qy^^ - 
T-duality along x and z corresponds to the polarisation 
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and dual doubled metric 



Xi . 



y = ns^/X^ 



y 



lyl- 



x^. 



x^ 

X3. 



[Zy,X^] — Qy^'^Zx , 

Q^^ = -m, 





1 


—m'z 











m'y 




—m'z 


1 + m'^x^ + 


m'x 


—m'^xy 





/2 ~ 

—myz 







m'x 


1 


—m'y 













—m''^xy 


—m'y 


1 + m'^y^ + m'^z^ 


m'z 


/2 — 

— m 















1 


—m'x 


V 


m'y 


— m 





/2 — 

— m xz 


—m'x 


1 + m'^x^ + m 



(4.35) 
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The background is again a T-fold, but this time the fibration is over a circle with coordinate y. 
The dual branes are 
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4.4 Mux 

It has been conjectured ^ that one can perform a T-duality along all three of the x, y and z 
directions of the three-torus with i?-flux background. Following the nomenclature of [22], we refer 
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to the conjectured resulting background as an "i?-flux" background. The self-duality constraint 
(j2.4[) cannot be consistently imposed on the background in such polarisations so as to ehminate 
the dual coordinates. It is unclear what the precise nature of such backgrounds is, but it has been 
conjectured that conventional notions of Riemannian geometry break down locally (in contrast to 
the T-fold, where Riemannian geometry breaks down only globally). Regardless of what the final 
conclusion concerning such backgrounds may turn out to be, the only understanding we currently 
have is through the doubled formalism 

Assuming one can dualise along all three directions, in the present setup there is only one dual, 
to which the projectors transform as 

^ ' ^ ^ — Pzyx " Pxyz t 

where pxyz = PxPyPz- The dualised Neumann projectors are listed in appendix lA. 31 and they all 
satisfy the dual boundary conditions. 

The polarisation corresponding to the i?-flux background is 

x = WiX^ = X^, y = UyiX^ = X^, z = WiX^ = X^, 



(4.36) 



X = n^/X^ = y = UyjX^ = X2 , z = U^iX^ = X3 , 

and the associated Lie algebra is 

[x^, x^] = R'^y'z, , [xy,x'] = Ry^^z^ , [x',x^] = R'^yzy , 

R^y' = -m . 

The doubled metric in this polarisation is 
/ 



M' 



As was discussed in ref. |11] it is not possible in this case to even locally define a description of the 
background as a conventional three-dimensional manifold. From the doubled metric one can read 
off an effective metric g (cf. eq. (|2.6p ). 

dSxyz — X~ \dx + dy + dz + m [xdx + ydy + zdz) J , 
X = l + m [X +y + z ) , 
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and a B-field, 



B' = —X ^rn {z dx A dy + X dy A dz + y dz A dx) . 



^xyz 

The doubled space interpretation of our Dirichlet projectors in the i?-flux frame is given in the 
following table. 
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As in the nilmanifold case there appears a "D3-brane" that is not completely Neumann along 
y, z if viewed as embedded in doubled space. Although there is no physical projection here, for 
consistency of terminology we have chosen to call it a D3-brane. 

To summarise this section, we have seen that all the Dirichlet projectors (I4.15[ )- (|4.18p transform 
consistently under all T-dualities, thus defining consistent D-branes on the entire doubled space X . 
The projector Hi was found also in [21] using the five-dimensional doubled torus construction, but 
the projectors H2, ^3(033 = 0, 1) and ^4(033 = 0, 1) are new solutions. 

5 Discussion 

We have extended the doubled geometry closed string nonlinear sigma model [13] to a model 
with boundaries, corresponding to an open string worldsheet, and derived the associated boundary 
conditions. Including two geometrically motivated assumptions, the result is a set of four conditions, 
which are necessary and sufficient to define consistent locally smooth D-branes in the doubled target 
space: the brane must be a maximally isotropic submanifold; its orientation must be compatible 
with the Lie algebra structure; its tangent and normal spaces must be orthogonal with respect to 
the metric on the doubled geometry; it must be integrable. 

Solving these conditions, we derived and classified in a systematic way the allowed D-branes 
in a toy model, the doubled three-torus with constant NS-NS flux. We obtained the most general 
possible Dirichlet projectors satisfying all boundary conditions except integrability, and then anal- 
ysed a subset of solutions where we fixed one Dirichlet direction. This choice was made in order to 
avoid the complexity of the most general solution, which prevented us from solving the integrability 
condition. For these slightly simpler solutions the integrability condition could be solved, and even 
though our attention was confined to a subset of solutions, we established a clear strategy to derive 
them and how to interpret them in physical terms. This included applying T-duality along all 
physical directions and analysing the dual boundary conditions, as well as imposing a self-duality 
constraint. 

We found four types of globally consistent D-branes, defined by the Dirichlet projectors (|4.15p - 
(|4.18p in the //-flux case, which correspond to DO-branes, Dl-branes along the y- and z-axes, and 
D2-branes in the y-z plane; D3-branes are prohibited. Lawrence et al [21] already found the DO- 
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branes (here labelled Hi) in their doubled- fibre approach to the same model, but the other solutions 
are new. Our branes all transform in the standard way under T-duality, to the /-flux, Q-flux and 
i?-flux frames. We moreover found that the D2-branes and DO-branes are related by rotations in 
the doubled space, as one would expect from solutions that stem from the same generic projector. 

Our analysis here was done only on the classical level, and should be extended to quantum the- 
ory. Quantum studies have been performed in cases of vanishing flux [35| [36] and for models where 
the T-duality twist reduces to orbifolding [37] • In the latter analysis the authors found fractional 
branes apparently lacking geometric counterparts in the doubled formalism. More generally, the 
self-duality constraint may be imposed on the quantum level via a gauging procedure [251 [IS] • In 
this paper we considered sigma models describing the worldsheet in internal space only. Moreover, 
the example in section H] took into account only three compact dimensions of the physical target 
space. In order to describe viable string theory backgrounds based on these toy models, the addi- 
tional spacetime directions of the target space need to be included in such a way that the sigma 
model is a conformal field theory, describing the embedding of the worldsheet into a target space 
of critical dimension, so that the background fields satisfy the string equations of motion. It would 
be interesting to see how the conformal symmetry appears in the doubled formalism, and how it is 
related to the self-duality constraint. 

Another example of a doubled geometry is Drinfel'd doubles, which are relevant in Poisson-Lie 
T-duality |38 t l39 [ H0]. a generalisation of T-duality to target spaces with nonabelian isometry, as well 
as to nonisometric target spaces. The study of D-branes in that framework encountered problems 
due to nonlocality issues [H], and we hope to resolve them by applying the present methodology. 
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group sigma model to be presented prior to the publication of ref. [13]. We are also grateful to 
Chris Hull for useful discussions and comments, and for kindly reading our draft. We wish to thank 
Libor Snobl and Ladislav Hlavaty for useful comments. TK acknowledges support in part by the 
Grant-in- Aid for the 21st Century COE "Center for Diversity and Universality in Physics" from 
the Ministry of Education, Culture, Sports, Science and Technology (MEXT) of Japan. 

A Dual projectors 

Here we list the Neumann projectors obtained from the H-Qux ones by applying T-duality along 
various directions. 

A.l Nilmanifold 

T-dualising only along one direction the configurations are translated to the /-flux frame, with 
different dual projectors depending on which coordinate is dualised. 
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A. 1.1 Nilmanifold with structure constant fyz^ = —m 
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A. 1.3 Nilmanifold with structure constant /; 
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Dualising along the z-direction the Neumann projectors 
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A.2 T-fold 

T-dualising along two directions the configurations are translated to the Q-flux frame, with different 
dual projectors depending on which pair of coordinates is dualised. 



A. 2.1 T-fold with structure constant Qz^^ = —fn 



Dualising along the {x, ?/)-directions the resulting Neumann projectors S' = PyPx 2 PxPy read 



"1 



/ 1 





m'y 





—m'z 







1 


—m'x 


m'z 






























































V 








—m'y 


m'x 


1 / 



"2 



/ 1 






















m'x 

















1 









































1 





V 











—m'x 





/ 1 











—m'z 





\ 





1 





m'z 
















1 





















































Vo 

















/ 



^r(«33 = 1) 



/ 1 





m'y 








\ 




































































1 





Vo 








—m'y 





1 J 



Sf (a33 = 0) = 



/ 1 


-m'yb23 











-m' 2:623 


\ 



























1 


m' 2:623 







































m'yb23 


1 


-623 




V 

















/ 



Sf (aaa = 1) 



/ 1 


-m'yb23 


m'y 





—m'z 


— m'2623 


\ 





1 





m'z 













623 





m.'zb23 







































m'yb23 





-623 




Vo 








—m'y 





1 


/ 



623 



m x 



1 + (m'x)"^ 



36 



A. 2. 2 T-fold with structure constant Qx^^ = 



—m 



Dualising along the (y, 2;)-directions the Neumann projectors S' = p^py S pyPz read 
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A. 2. 3 T-fold with structure constant Qy^ 

Dualising along the {x, z)-directions the Neumann projectors S' = p^px 2 pxPz read 



"1 



/ 1 


—m'z 











m'y 


\ 

























m'x 


1 


—m'y 







































m!z 


1 


—m'x 




Vo 

















/ 



"2 



/ 1 

















\ 





1 



















—m'x 



















































m'x 




V 














1 


/ 



37 



Sr(a33 = 0) 



/ 1 


—m'z 












































































m'z 


1 





^ 














1 / 



Sr(a33 = 1) 



/ 1 














m'y \ 





1 




















1 


—m'y 












































Vo 














/ 



Hf (ass = 0) 



/ 1 





-m'zb23 





-m'yb23 







1 


-&23 


m'yb23 






























































Vo 








m'zb23 


^23 


1 / 



m'x 



323 



1 + (m'x)^ ' 



Sf (a33 = 1) 





1 


—m'z 


-m'zb23 





-m'yb23 


m'y \ 










-b23 


m'yb23 
















1 


—m'y 







































m'z 


1 





v 











m'zb23 


^'23 


/ 



^'23 = 



m'x 



1 + {m'xY 



A.3 i?-flux 



T-dualising along all three directions x,y,z the configurations are translated to the i?-flux frame, 
with structure constant R^y^ = —m and dual Neumann projectors given by S' = PzpyPx ^ PxPyPz- 



^xyz 
"1 



/ 


1 











—m'z 


m'y 


\ 







1 





m'z 





—m'x 












1 


—m'y 


m'x 



















































V 




















/ 



^xyz 
"2 



/ 1 

















\ 

















m'x 
















—m'x 







































1 







Vo 














1 


/ 



sr(«33 = 0) 



/ 1 











—m'z 





\ 





1 





m'z 






































































V 














1 


/ 



2r(«33 = 1) 



/ 1 














m'y \ 


























1 


—m'y 






































1 





V 














/ 



38 



^r(«33=o) 



/ 1 


-m'yb23 


-m'zb23 






































































-^23 


m'yb23 


1 





V 


&23 





m'zb23 





1 / 



m'x 



323 



1 + (m'x)^ 



Hr(a33 = 1) 



/ 


1 


-m'yb23 


-m'zb23 





—m'z 


m'y 


\ 







1 





m'z 


















1 


—m'y 










































m'yb23 










V 





^23 





m'zb23 








/ 



m'x 



323 



1 + (m'x)^ 



References 



[1] 

[2] 
[3] 
[4] 
[5] 
[6] 

[7] 

[8] 
[9] 



T. H. Buscher, "A symmetry of the string background field equations," Phys. Lett. B 194 
(1987) 59 

T. H. Buscher, "Path integral derivation of quantum duality in nonlinear sigma models," Phys. 
Lett. B 201 (1988) 466 



C. M. Huh, "Global aspects of T-duality, gauged sigma models and T-folds," JHEP 0710 
(2007) 057, arXiv:hep-th/0604178, 

S. Kachru, M. B. Schulz, P. K. Tripathy and S. P. Trivedi, "New super symmetric string 



compactifications," JHEP 0303 (2003) 061, 'arXiv:hep-th/0211182 



A. Dabholkar and C. Hull, "Generalised T-duality and non-geometric backgrounds," JHEP 



0605 (2006) 009, |arXiv:hep-th/0512005 



A. Dabholkar and C. Hull, "Duahty twists, orbifolds, and fluxes," JHEP 0309 (2003) 054, 



arXiv:hep-th/0210209 



A. Flournoy, B. Wecht and B. Williams, "Constructing nongeometric vacua in string theory," 
Nucl. Phys. B 706 (2005) 127-149, ,arXiv:hep-th/0404217, 



A. Kumar and C. Vafa, "U-manifolds," Phys. Lett. B 396 (1997) 85, arXiv:hep-th/96 11007 



C. M. Hull, "A geometry for non-geometric string backgrounds," JHEP 0510 (2005) 065, 
|arXiv:hep-th/0406102| 



[10] R. A. Reid-Edwards, "Geometric and non-geometric compactifications of IIB supergravity," 
JHEP 0812 (2008) 043, arXiv:hep-th/0610263, 



39 



[11] C. M. Hull and R. A. Reid-Edwards, "Gauge symmetry, T-duality and doubled geometry," 
JHEP 0808 (2008) 043, arXiv:07ll.4 818 [hep-th] 

[12] G. Dall'Agata, N. Prezas, H. Samtleben and M. Trigiante, "Gauged supergravities from 
twisted doubled tori and non-geometric string backgrounds," Nucl. Phys. B 799 (2008) 80-109, 
larXiv:0712.1026l [hep-th] 

[13] C. M. Hull and R. A. Reid-Edwards, larXiv:0902.4032] [hep-th] 

[14] N. J. Hitchin, "Generalized Calabi-Yau manifolds," Quart. J. Math. Oxford Ser. 54 (2003) 
281, | ,arXiv:math /0209099| 

[15] M. Grafia, R. Minasian, M. Petrini and A. Tomasiello, "Supersymmetric backgrounds from 
generalized Calabi-Yau manifolds," JHEP 0408 (2004) 046, |arXiv:hep-th/0406137| 

[16] V. G. Drinfel'd, "Quantum groups," J. Sov. Math. 41 (1988) 898 [Zap. Nauchn. Semin. 155 
(1986) 18] 

[17] J.-H. Lu and A. Weinstein, "Poisson Lie groups, dressing transformations, and Bruhat decom- 
positions," J. Diff. Geom. 31 (1990) 501 

[18] C. M. Hull, "Generahsed geometry for M-theory," JHEP 0707 (2007) 079, 



arXiv:hep-th/0701203 



[19] P. Grange and S. Schafer-Nameki, "T-duality with H-flux: Non-commutativity, T-folds and G 
X G structure," Nucl. Phys. B 770 (2007) 123, ,arXiv:hep-th/0609084. 

[20] M. Grana, R. Minasian, M. Petrini and D. Waldram, "T-duality, Generalized Geometry and 
Non-Geometric Backgrounds," iarXiv:0807.4527t [hep-th] 

[21] A. Lawrence, M. B. Schulz and B. Wecht, "D-branes in nongeometric backgrounds," JHEP 
0607 (2006) 038, |arXiv:hep-th/ 0602025 

[22] J. Shelton, W. Taylor and B. Wecht, "Nongeometric flux compactifications," JHEP 0510 



(2005) 085, arXiv:hep-th/0508133, 



[23] N. Kaloper and R. C. Myers, "The 0(dd) story of massive supergravity," JHEP 9905 (1999) 



010, arXiv:hep-th/9901045 



[24] C. M. Hull and R. A. Reid-Edwards, "Flux compactifications of string theory on twisted tori, 
|arXiv:hep-th/0503ri4| 



[25] C. M. Hull, "Doubled geometry and T-folds," JHEP 0707 (2007) 080, |arXiv:hep-th70605149] 



[26] M. Gualtieri, "Generalized complex geometry," PhD thesis, Oxford University, 



|arXiv:math/0401221 



40 



J. Figueroa-O'Farrill and N. Mohammedi, "Gauging the Wess-Zumino term of a sigma model 



with boundary," JHEP 0508 (2005) 086, |arXiv:hep-th/0506049 



C. Albertsson, U. Lindstrom and M. Zabzine, "N = 1 supersymmetric sigma model with 



boundaries, I," Commun. Math. Phys. 233 (2003) 403, arXiv:hep-th/0111161 



C. Albertsson, U. Lindstrom and M. Zabzine, "N = 1 supersymmetric sigma model with 



boundaries, II," Nucl. Phys. B 678 (2004) 295, |arXiv:hep-th/0202069| 



A. Giveon, N. Malkin and E. Rabinovici, "On discrete symmetries and fundamental domains 
of target space," Phys. Lett. B 238 (1990) 57 

A. Giveon, N. Malkin and E. Rabinovici, "The Riemann surface in the target space and vice 
versa," Phys. Lett. B 220 (1989) 551 

A. Giveon, E. Rabinovici and G. Veneziano, "Duality in string background space," Nucl. Phys. 
B 322 (1989) 167 

A. D. Shapere and F. Wilczek, "Selfdual models with theta terms," Nucl. Phys. B 320 (1989) 
669 

A. Giveon and M. Rocek, "Generalized duality in curved string backgrounds," Nucl. Phys. B 



380 (1992) 128, |arXiv:hep-th/91 1207()] 

D. S. Berman and N. B. Copland, "The string partition function in Hull's doubled formalism," 
Phys. Lett. B 649 (2007) 325, arXiv:hep-th/0701080. 

S. P. Chowdhury, "Superstring partition functions in the doubled formalism," JHEP 0709 
(2007) 127, ,arXiv:0707.3549 [hep-th] 

S. Kawai and Y. Sugawara, "D-branes in T-fold conformal field theory," JHEP 0802 (2008) 
027, arXiv:0709.0257l [hep-th] 

C. Klimcik and P. Severa, "Dual non-Abelian duality and the Drinfeld double," PhysLett. B 



351 (1995) 455-462, arXiv:hep-th/9502122 



R. von Unge, "Poisson-Lie T-plurality," JHEP 0207 (2002) 014, arXiv:hep-th/0205245 



C. Albertsson and R. A. Reid-Edwards, "Worldsheet boundary conditions in Poisson-Lie T- 



duality," JHEP 0703 (2007) 004, arXiv:hep-th/0606024 



[41] C. Albertsson, L. Hlavaty and L. Snobl, "On the Poisson-Lie T-plurality of boundary condi- 
tions," J. Math. Phys. 49, 032301 f2008l. [aiXi^0706.082 [hep-th] 



41 



